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Abstract In 1998, J. M. Maldacena conjectured a precise duality in the low-energy (or decoupling) regime 
between a large N strongly-coupled SU (N) super- Yang- Mills theory defined in the four-dimensional Minkowski 
world-volume M 4 of a stack of N coincident D3-branes and the supergravity limit of a weakly-coupled type IIB 
closed superstring theory on AdSs x S 5 . This communication aims at introducing concepts and methods used 
to derive, in the gauge/string correspondence framework, the interaction potentials of mesons and baryons at 
zero and finite temperature^ . Especially, emphasize will be made on the linear behavior of the bound-state 
potentials derived in the gravity side. Although AdS/CFT cannot be applied ab initio to QCD-like gauge 
theories and remains a controversial topic, at least at zero temperature, we will also discuss AdS /QCD criteria 
proposed for a holographic description of the mechanism of confinement. 

Key words AdS/CFT correspondence, holographic models of QCD, Wilson loop, hadron potentials, con- 
finement. 
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1 The area law in QCD and the heavy 
quark potentials in AdS/CFT 

A crucial breakthrough in the attempt to deal 
with strongly-coupled Yang-Mills theories came with 
the nowadays celebrated AdS/CFT correspondence 
whose the bulk-to-boundary dictionary has been es- 
tablished essentially in [2 ^ . Shortly afterwards, the is- 
sue of calculating expectation values of Wilson loops 
was considered^, which is of significant importance 
since the Wilson loop, through the area law, con- 
sists of one of the most efficient tools for probing the 
large distance properties of confining QCD-like gauge 
theories^ : 



W[C} = — (TrPe- w & A » (x)dx ") A = e 
N e->oo 



ia t A[C] 



(1) 



with A[C] the area of the minimal surface of bound- 
ary C. Then, the Feynman-Kac formula gives a lin- 
ear static potential for an infinitely massive quark- 
antiquark pair: 



V QQ {r)- 



lim — In WC 

T-HX>lT 



(2) 



On the contrary, because of the underlying conformal 
symmetry on which AdS/CFT relies, the supergrav- 
ity side computation of the infinitely heavy QQ pair 



(non-dynamical external probes) potential shows in- 
stead a 1/r behavior for all distances r and goes in 
terms of the 't Hooft coupling A as vA, which reflects 
an intrinsically non-perturbative result^: 



V QQ {r) = - 



4V2tt 2 V\ 



(3) 



T(l/4) 4 r ' 

According to Maldacena's recipe, the expectation 
value of the spacetime Wilson loop (spatial loops - 
which follow the same prescription - will also be con- 
sidered when deriving area law for 3d and id confor- 
mal field theories at finite temperature) is dual to the 
full partition function of the string theory which, in 
the low-energy supergrativy limit where the stringy 
effects are small, reduces to the proper area of the 
string world-sheet with the loop as the boundary. 
One might sketch the AdS/CFT steps of the calcula- 
tion as follows: 



W\C] 



^ strinq ^ 
AdS/CFT sugra 



-S[S] 



(4) 



where S[C] is the classical Euclidean action of the 
string world-sheet (that, in fact, does not describe 
the Wilson loop (TTJ) but instead its supersymmet- 
ric generalization). In practice, one usually takes 
the simplest action which describes the dynamics 
of an open string, namely the Nambu-Goto action 
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Sng[C] = ^rj d 2 ^det{ lab ) where a' = t\ is re- 
lated to the typical length scale £ s of the string and 
Jab(0 {d,b= 1,2) is the induced metric tensor on the 
two-dimensional world-sheet. Furthermore, it turns 
out necessary to regularize the potential (by cutting 
off the infinite range of the holographic coordinate in 
the ultraviolet) as infinities arise: these correspond 
to the two infinitely stretched strings associated with 
the infinitely heavy Q and Q respectiveljQ. Hence, 
the final recipe for computing Wilson loops and reg- 
ularized potentials is: 

V QQ (r)=\imhs NG -£M) (5) 

T— >oo / 

M -» oo 

from which is derived ([3]) and where the second term 
on the r.h.s. consists precisely in subtracting the 
contribution of the two infinitely stretched Q and Q 
strings (1 is the total perimeter of the loop C on the 
boundary). 

2 The static potential at finite tem- 
perature in supergravity 

Following Hawking and Page's work on the ther- 
modynamics of black holes in anti-de Sitter space- 
times, a gauge/string duality involving a gauge theory 
at finite temperature was proposed^: In this frame- 
work, the bulk accommodates a Schwarzschild black 
hole (BH) whose the metric in Euclidean reads as 

ds% H = *>{t (f(u)dt> +d^) + ^^ + R>dnl} 

(6) 

where f(u) = 1 - ^ and R A = ^ = Airg s N = 2A Q is 
the dimensionless AdS radius, u is the holographic 
coordinate. There is a curvature singularity at u = 
hidden behind the event horizon at u = u T whose the 
location is given by the Bekenstein-Hawking temper- 
ature T of the black hole « T = ttR 2 T. In particular, 
at zero temperature, i.e. when u T — 0, one recovers 
the line element of AdS 5 x S 5 . To the high (low) en- 
ergy regime of the dual boundary theory corresponds 
u — > oo (u—>0). Then, considering a spacetime Wil- 
son loop (that is, a loop along one space-like dimen- 
sion and one time-like dimension) and following Mal- 



dacena's recipe, the subtracted static potential is^: 

(7) 

where v = U/U and e=f(U ). U(x) is the string co- 
ordinate along the fifth holographic dimension which 
is only a function of the spatial boundary coordinate 
x. Because the string world-sheet is symmetric un- 
der the mirror transformation x <-> —x, U (x) presents 
a minimum which then occurs at x = 0. By defini- 
tion, U = U(0) (and U'(0) = 0). U T is the value 
of the string coordinate at the event horizon while 
U m ax is the ultraviolet cutoff (U < U max ). Let us fo- 
cus on the limiting case U 3> U T (e — 1) where the 
string world-sheet is close to the boundary such that 
it does not feel the presence of the horizon. In fact, 
this configuration corresponds to the low temperature 
limit rT<C 1. Obviously, for small temperatures, the 
potential behaves approximately as in the zero tem- 
perature case V~— -, Eq.Q. Moreover, the leading 
non-zero temperature correction exhibits scaling con- 
sistent with the conformal invariance of the boundary 
theory^: V cx — i^l + a(rT) 4 ^ with a a positive nu- 
merical constant which does not depend on R. With- 
out length scale, it is indeed meaningless to speak, at 
low temperature, of a large or small compactification 
radius of the Euclidean temporal dimension (whose 
the period gives the temperature). The high temper- 
ature limit rT 3> 1 when U ~ U T is more subtle. 
As shown in^, there is a critical value of the inter- 
quark distance above which the potential starts to be 
positive. At this point, the bound-state potential (J7J 
is not valid because the lowest energy configuration 
consists instead of two straight strings ending at the 
horizon. In other words, the quarks become free as 
screened by the effects of the temperature. Hence, the 
potential exhibits behavior expected for the decon- 
finement phase at high temperature when the meson 
decays into a configuration of quarks without inter- 
action. 

As a matter of fact, linear potentials can also ap- 
pear in supergravity. For this, we will consider spatial 
Wilson loops (i.e. along two spacelike dimensions) at 
fixed value of the temperature^ ^ . Then, the heavy 
quark potential and the interquark distance as func- 



*In a flat spacetime, the mass-squared M 2 of a string stretched between x\ and X2 reads in broad outline and neglecting the 
quantum fluctuations as M 2 = ( ^^-wa' 1 ) ' 

tg s is the closed string coupling constant. Using a standard convention in string theory, the world-sheet coordinates will be 
written with capital letters. 



F. Jugeau: Hadronic linear potentials in AdS /CFT 



3 



tions of U and U T are' 7 ': 
2R 2 r °° 



dv 



Uo A ^(v 4 -l + e)(w 4 -l) ' 



(8) 



V Q Q = 



^Lr + U -±l d V 
2ttR 2 tt 




v 4 -l A { Ut-U 



1- 



(9) 

In the limit U a ~U T (eCl) where the string world- 
sheet reaches the horizon, the interquark distance di- 
verge, which thus corresponds to the large distance 
limit. On the other hand, when rT 3> 1, the circle 
S ,1 (l/T) around the compactified Euclidean time di- 
rection is small and, as a result, the number of dimen- 
sions of the Ad gauge theory on the boundary reduces 
to three. By choosing appropriate boundary condi- 
tions along this circle (namely, by taking antiperiodic 
fermions around S ,1 (l/T) in contrast to the periodic 
bosons), the super/symmetry can also be broken^. 
Moreover, as both fermions and scalars get masses 
related to the temperature (due to renormalization 
for the latter), they decouple at high enough temper- 
ature and the theory reduces to a pure non-conformal 
gauge theory. We are thus considering, at large dis- 
tances, 3d non-supersymmetric Yang-Mills theory at 
zero temperature. On the contrary, at small distances 
rT <C 1, the compactification radius of the circle is 
sizeable. We deal therefore with Ad supersymmct- 
ric Yang-Mills theory at zero temperature and, not 
surprisingly, we recover Maldacena's result ©. An 
expansion in power series of e gives the leading and 
subleading terms in the static potential at large quark 
separation: 



V, 



QQ 



V* ( 1 
2ttR 2 V 2 



(10) 



As expected, the string tension is proportional to (the 
square of) the temperature since it is our only dimen- 
sionful parameter at hand: 



i 



a T = — 5- = -ttR 2 T 2 = Jn 3 g a NT 2 
2irR 2 2 V ys 



(11) 



The subleading term in the potential (ITOl) is not the 
Luscher term in -1/r as predicted by effective string 
models and Lattice QCD. The result (fTU)) is not so 
surprising in fact since the limits at work in the su- 
pergravity approach are the large N and the large 't 
Hooft coupling constant limits and it is known that 
there is no Luscher term in the strong coupling regime 
on the lattice. In this respect, Ref.^ argued that the 



Luscher term could arise from quantum fluctuations 
of the classical world-sheet approximation. Let us 
also mention that the linear behavior of the potential 
is not spoilt by the leading stringy corrections 0(a' 3 ) 
of the metric (JSJ) ■ The expressions © and © of r and 
Vqq are modified only by terms in 1 jv which do not 
rule out their singular behaviors in the limit U ~ U T . 

The Schwarzschild black hole— AdS 5 geometry de- 
scribed above was required in order to deal with a 
3d gauge theory (after compactification of the Eu- 
clidean time direction). If we are interested in study- 
ing higher-dimensional gauge theories, it is then nec- 
essary to consider the general case of a stack of N 
coincident Dp-branes in the decoupling limit. We are 
therefore led to the (Euclidean) metric^ : 



ds 2 



(dt 2 +di? 2 



9ym 



du 2 



~9ym ' 



yj d p Nu 



(P-3) 



(12) 



with dp = 2 7_2p 7r^T 2£ L( 7 -^ £ ) and where the coupling 
constant <? (p+1) of the (p+ l)-dimensional SU(N) su- 
persymmetric Yang-Mills theory is related to g s as 
' . The case of interest here 



g^+A = (2tt)p- 
consists of p — 



g s a 

4, for which g 



A-K 2 g a y/a' : and 



non-zero temperature. The solution of the equations 
of motion for the stack of N coincident Dp-branes in 
the decoupling limit is then: 

3/2 

~M u)di:2 



ds 



hdlt : 



R 



RT du 2 



>rR A AAudn 



(13) 



}n 2 RlT 2 



where g{u) = 1 - J and a T 
|7rg (5) NT 2 In this case, the interquark distance 
and the static potential read as follows (e = g(U )): 



2RI 



3/2 



u, 



1/2 



dv 



y/{v 3 -l + e)(v 3 -l) 



(14) 



and 



us 



3/2 



QQ : 



2vri?, 



3/2 



1- 



u T -u a 



(15) 

Here also, one can show that the potential presents 
an area law behavior (when U ~ U T ) with a string 
tension: 



U- 



3/2 



2irRl /2 27 



8 7r 5 ( 4 » 2 iVT 2 



(16) 



expressed in terms of the Ad gauge theory coupling 
: gA 2r p _ Xo summarize, we observe an area law 



9 



(4)- 



*We have denned K^ 2 



such that i?4 has the dimension of a length 1 / 3 {g^ has the dimension of a 



length 1 / 2 ). 
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for spatial Wilson loops in Ad and 5d supersymmet- 
ric Yang-Mills theories at finite temperature. This 
is then interpreted as the area law of spacetime Wil- 
son loops (after having identified one of the spatial 
coordinates of the higher-dimensional theory to the 
non-compactified Euclidean time) in 3d and Ad non- 
supersymmetric Yang-Mills theories at zero temper- 
ature. 

3 The supergravity description of 
baryons 

In a SU(N) Yang-Mills theory, a color-singlct 
baryon must be made of N quarks. As described 
in the supergravity dual, such a baryon consists of 
N quarks living on the boundary. On each of these 
quarks ends a string whose the other endpoint is at- 
tached to a D5-brane wrapped around S 5 : the so- 
called baryon vertex located at the holographic co- 
ordinate ito^. The typical radius of the baryon is 
denoted r. Moreover, the configuration of the N 
quarks on the boundary is symmetric with respect 
to the boundary dimensions such that the resulting 
force acting on the baryon vertex is zero along these 
directions. In the following, we will consider only the 
induced metric contribution in the Dirac-Born-Infeld 
action of the DS-brane^: 

TNU 



S D5 =T 5 / d 6 x\J detg D5 



8tt 



The total action of the baryonic system is thus: 



(17) 



-s D5 +y s 



(*) 

/ j '-'string 



TNU TN f r , / , U 4 

■ / dxJU' 2 + -~- (18) 



Stot. 



8tt 2tt J V R 4 

where the integral over the boundary spatial coor- 
dinate x runs from to the typical radius r of the 
baryon. The stability (or no-force) condition for the 
baryon vertex along the holographic coordinate stems 
from variational principle and reads: 



fiSt tal\ surface — 
term at Uq 



1 



(19) 



On the other hand, Maldacena's recipe gives the en- 
ergy of the baryon: 



V B {r) = ~Na L 



2A 



(20) 



with a coefficient given by 



a B = 



du 



dv 



f3v 2 



V/w-i 



=-1 



_ ( 21 ) 
of numerical value a B ~ 0.036 (/3 = y^jf) and whose 

the behavior in 1/r is dictated by the conformal in- 
variance of the field theory on the boundary. 

Remarkably, another string configuration has 
been identified^ which allows, on the supergravity 
side, to account for baryons made of a smaller number 
of quark constituents k < N. In such a configuration, 
k strings attached to the baryon vertex end on the 
k quarks at the boundary while the N —k remaining 
strings stretch out up to the brane at u = 0. The total 
action governing the dynamics of the baryon is then: 



iJtotal "D5 T / <J string ~ / , u string 
i=l j=l 



8tt 2tt 



R 4 



2tt 



(22) 



with the following stability condition for the baryon 
vertex along the holographic coordinate: 



ss, 



total | surface 



= 



U' 



hN-Ak 
4fc 



= A. 



(23) 

If k = N, then A = | and we recover (jT9|) . The upper 
bound for A (which corresponds to the lower bound 
for k) is obtained for radial straight fc-type strings 
ending on the baryon vertex such that U' Q — > oo. 
Then, A = 1 or k = Finally, the condition for 
having a stable string-brane system into the bulk de- 
mands <k<N. As for the potential, if k = ^ 
then V B (U ) = independently of the location U of 
the baryon vertex along the holographic coordinate 
(actually, the size r(U ) of the baryon vanishes). If 
^ < k < N then the energy V B (r) = —aU (r) can 
be written as the product of a negative constant —a 
with U expressed in terms of the baryon radius . 

To conclude this section, let us consider a spatial 
string/brane configuration in the Schwarzschild black 
hole— AdS 5 background ([6]). Following the same tech- 
niques as described above, the total action as well as 
the stability condition of the system can be derived. 
We are interested in the large distance regime where 
the typical radius of the baryons is large and where 



§In general, Dp-branes carry electromagnetic fields on their (p+ l)-dimensional world-volume whose the dynamics is governed 
by the so-called Dirac-Born-Infeld action: Se> p = T p f d p+1 x^/—det(r]MN + 2vra'i ; jvf]v) with T p = ( 27 ri 2 )p+ 1 g ^ rane tension 

and M, N = 0,1, .. .,p the spacetime indices on the (flat) world-volume of the Dp-brane. Especially, T g _1 = (2-7r) 5 a' 3 g s . 
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the D5-brane reaches the horizon (£/o — U T )- A linear 
potential then arises with a string tension equals to 
N times the mesonic string tension (ITT]) : 



V B (r) = N(lirR 2 T 



(24) 



4 The heavy quark potential in holo- 
graphic models of QCD 

4.1 The heavy quark potential from general 
geometry in AdS /QCD 

We consider a general form of the static met- 
ric which respects Poincare symmetry on the 
boundary^ : 



which is obtained as usual, once the infinite contribu- 
tion — 1 (Z min — > 0) stemming from the infinitely 



stretched strings associated with the infinitely mas- 
sive quarks is subtracted. 

At short distances, i.e. when the string world- 
sheet is close enough to the boundary spacetime, the 
bulk geometry felt by the string is nearly AdS 5 . Not 
surprisingly, the limit Z — > (and then Z — > 
and f(Z) -t 1 in J5SJ) and !(2"9"])) gives the famous 
AdS/CFT result ©: 



r(Z ) 



Zo 
z ^o p 



R 2 1 

V(Z ) ~ - — — 

^0^0 27T/9 Z 



(30) 
(31) 



rfs 2 = a'i? 2 ( f(z)S flv dx"dx v + — 



(25) such that (p = 



with 5^ =diag(+l,+l,+l,+l) the 4d Euclidean flat 
metric. The warp factor f(z) > is assumed to 
be positive. In particular, /(z) = \ corresponds to 
the Euclidean AdS 5 line element in Poincare coordi- 
natefl The Nambu-Goto action (in the static gauge 
where X°(t,<j) = r and a = x) reads 



R 2 



S NG \C] = — dt 



2tt 



T/2 



T/2 



r/3 / y-,2 

dxf(Z)Jl + - - 

■t/2 \ 



f{Z)Z 2 

(26) 

where Z(x) is the holographic coordinate of the 
string. The Lagrangian density does not depend ex- 
plicitly on x which gives the first integral: 



f(Z) 



(27) 



/(Z)Z 2 



where Z is the value of Z(x) at x = 0, that is, the 
maximal extend of the string world-sheet along the 
holographic dimension where Z'(0) =0 by symmetry 
and/ = /(Z ). 

The interquark distance takes the general form: 



r(Z ) 



rZ l 

■ 2 1 dZ 
Jo 



ZIP 

z*f§ 



(28) 



Following^, one defines f(Z) = Z 2 f(Z) such that 
/(0) = 1. As for the interaction potential, we have: 

(29) 



r(i/4) 2 ■ 

(2tv) 3 / 2 ■ 



V(r) = - 



R 2 1 



2np 2 r 



(32) 



On the other hand, in the case of mesonic bound- 
states, the confinement criterion can be stated as fol- 
lows: there exists a finite value Z£ of the maximal 
extent of the world-sheet along the holographic co- 
ordinate such that the interquark distance r(Z£) di- 
verges. This peculiar value Z^ is related to the QCD 
mass gap. In particular, it enters the expression of 
the string tension in the linear potential. Moreover, 
this divergence is logarithmic. By expanding around 
Zq , we have indeed: 



r(Z*) 



■Mi- 4) 



(33) 



provided the following relation holds (where f(Zg) \ 

fSY- 



z^ 
z °dz 



(34) 



which establishes the confinement criteriorjjJ Finally, 
the static potential reads 



V{r)=a t {Zl)r 
with the string tension: 



<Zl\- 



2vr Zl 2 



(35) 



(36) 



^The change of holographic coordinate . 

II The issue of finding general criteria for the confinement has also been considered inES. 



ML 

ct 1 u 



gives 



the line element J6j with uj< = 0. 



F. Jugeau: Hadronic linear potentials in AdS /CFT 



6 



4.2 Andreev and Zakharov's model 

As an explicit holographic models of QCD, 
we turn our attention to Andreev and Zakharov's 
model^. As always in AdS /QCD, it implies to intro- 
duce a dimensionful parameter related in some way 
to the QCD mass gap. This can be, for instance, the 
cutoff z m of the AdS 5 slice as in the Hard Wall model 
or the dilaton parameter in the Soft Wall Model^. 
In Ref.^ 1 , the isometry group of the holographic 
spacetime AdS 5 (i.e. the conformal invariance of the 
boundary field theory) is broken by means of a warp 
factor h(z) in the Euclidean metric: 



R 2 

ds 2 = — h(z)S MN dx M dx p 

z 2 



(37) 



The bulk coordinates are x M = (x^ , z) with x M (/i = 
0,...,3) the boundary coordinates and z > is the 
holographic coordinate. <5 W jv = diag(+l, +1, +1, +1) 
is the Euclidean fiat metric. In this model, the warp 
factor h(z) = e^" 2 introduces the conformal symme- 
try breaking parameter c and we recover the AdSs 
metric (|25[) with f(z) = -\ near the ultraviolet brane 
z — s- where h(0) = 1. As usual, we start from the 
Nambu-Goto action in the static gauge: 



s ng [C} = ^t I y x ^Vi+¥' 



(38) 



where the holographic coordinate of the string Z(x) 
is only a function of x and C is the rectangular loop 
of sides r and T. The two parametric expressions for 
the interquark distance r(Z 0l c) and the interaction 
potential V(Z ,c) take the following forms (Z(0) = Z 
and Z'(0) — by symmetry. A = cZfi and v = Z/Z ): 



r=2\l- [ dv 



v 2 e^-^(l-v^-^y h , 



(39) 
(40) 



As expected, the integral (I4U1) does not converge when 
v — > and require a ultraviolet cutoff Z(x) > Z min . 
Finally, the substracted potential reads: 



V = 



(41) 

The expression (|39[) has a logarithmic singularity 
when \ = cZq = 2. This peculiar finite value of Z = 



2 corresponds to the maximal extent reached by 
the string along the holographic coordinate. There, 
the interquark distance diverges, which mimics the 
confinement mechanism. On the contrary, if the con- 
formal symmetry parameter c = 0, then Z is allowed 
to run all over the holographic dimension and we have 
no longer confinement. Let us identify this logarith- 
mic singularity. As we are interested in the region 
Z ~ Z , i.e. u~ 1, the integral in ([39]) can be approx- 
imately replaced by its main contribution: 



•J 



dv 



v/2(2-A)(l-v) + (-2A 2 +9A-6)(l-v) 2 

(42) 

which clearly has a logarithmic singularity at A = 2. 
The static potential (|4T|) develops the same singular- 
ity when v — > 1 at A = 2 and, as such, is linear at long 
distances: 

V(r,c)=o- t r (43) 



with the long-distance string tension: 



a t = R 2 —c. 



47T 



(44) 



At short distances, the behaviors of r and V cor- 
respond to a string configuration with Z ~ 0, namely 
to the limit A — > 0. Then, the heavy quark potential 
reads as 

(45) 



V(r) = - + a r + O(r 3 ) 

r 



with 



R 2 __ ViirgsN 
2-Kp 2 ~ 2-Kp 2 

R 2 ^r ■ 



(46) 



It appears, in the supergravity side, two tensions o~ t 
(|44| and a (|46| corresponding respectively to the 
long and to short distance regimes. Nevertheless, 
their ratio turns out to be rather closed to one: 



o- 



e _ 8n 2 e 
?rp2 ~ T(l/4) 4 



1.24, 



(47) 



an estimate satisfactory at the usual accuracy level of 
the holographic models of QCD. As for the Coulomb- 
like term in (|45l) . it does not have to be identified 
with the perturbative part of the Cornell potential. 
This is reminiscent of the AdS /CFT result ([3]). 

It is a pleasure to thank the organizers of the 
conference for collaborations and discussions. I am 
grateful to Conselho Nacional de Desenvolvimento 
Cientifico e Tecnologico CNPq for financial support 
(grant 150252/2011-0). 
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